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The Kalman's sentence

physics mathematics

Get the physics right, the rest is mathematics

RN

engineering mathematics

NS

There are cases in which engineering and mathematics must nd a n agreement.

An exact mathematical solution may be replaced by an almost exact mathematical
solution, if this is more easily implementable.

The use of FIR systems goes in this direction.
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Foreword

Books (geometric approach)

Wonham
Linear Multivariable Control — A Geometric Approach, Springer Verlag, 1974-1985.

Basile and Marro
Controlled and Conditioned Invariants in Linear System Theory, Prentice Hall, 1992.

Trentelman, Stoorvogel and Hautus
Control Theory for Linear Systems, Springer Verlag, 2001.

Interesting de nitions and objects to be recalled

invariant zeros
relative degree

use of duality

use of FIR systems

extension to Hy optimization problems
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The standard feedback control problem

X(t) = Ax(t)+ Bu(t)+ Hh(t)

h e
4 y y(t) = Cx(t) [+ D1y u(t)+ D12 h(t)]
- e(t) = Ex(t)[+ D2ru(t)+ D22 h(t)]
z(t) = Nz(t)+ My (1)
r u(t) = Lz(t)+ Ky (t)

The standard control problem
x(k+1) = Ax(K)+ Bu(K)+ Hh (k)
h : exogenous input y(k) = Cx(k) [+ D11 u(k)+ D12 h(k)]
e regulated output e(k) = Ex(k) [+ D21 u(k) + D22 h(k)]

u : control input z(k+1) = Nz(k)+ My (k)

y : informative output u(k) = Lz(k)+ Ky (k)
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A standard control problem
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A most general block diagram
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Another most general block diagram
S | dq | do
| . . |
: FIR f | l |
=== |
fp | 1y e ~— +L u Y1
| delay | N
| L - A
_______ I
feedforward : ds T L
feedback . _—————————— |
Input signals of different types must be processed independently. They are
unaccessible disturbances (d»),
measurable disturbances (d»),
measurement errors (ds),
previewed references (rp).
Use of feedforward and FIR systems is mandatory in the last case. Robustness is
provided by feedback.
The geometric control theory can be extended to the Hamiltonian system to deal
with Hz-optimal control and Itering.
Duality must be recognized to avoid a double solution of the same problem.
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Another most general block diagram

L —— | d1| do

! > N |

! FIR f | l |

| R e D 1 y
rp | I e — L u 1
P_ delay | . +®:

| _ ! B y

_____ I

feedforward : ds T Y2

feedback . - ——— — — — — — —— |

The complete Ha>-optimized feedforward compensator

r,d 1 da; d3) / e di;dz

D el

N
r AN rp;ds ~ Te

A regulation loop in the state space and its correction to include preaction.
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FIR systems (convolutors)

Continuous-time Discrete-time
t k
W()Hut )d t t Whukk 1) k k
y(t) — 0 y(k) — o ( ) ( ) f
0 t>t ¢ 0 k>K

where W( ), 2[0;ti](orW(k),k2[0;ks])isaq p real matrix of time functions,
referred to as the gain of the FIR system, while [O;t¢ ] (or [O; k¢ ]) is called the window of
the FIR system.

W (t)

Typical gains of FIR systems

An FIR system is completely de ned when its gain is given in ni te terms as a
function of time (continuous or discrete).
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The ingredients: Vstar, F, Sstar, Rstar, Z

Refer to the continuous-time or the discrete-time system described by
x(t) = Ax(t)+ Bu(t) x(k+1) = Ax(k)+ Bu(k)
y(t) = Cx(1) y(k) = Cx(k)

and set B= imB, C= kerC.

The ingredients are:

unstable

Zero
V = maxV(A; B: C) State space

F such that (A+ BF )V V j >?v<
V N
S = minS(A; G, B) -

R =minl A+BF;V \B )=V \S .
L stable
Z= (A+ BF)y -Rr zero

The elements of Z are called the invariant zeros of

All the above object are usually de ned for triples (A;B; C ), but easily extended to
guadruples (A; B; C; D ) with easily implementable computational contrivances.
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Minimality of phase, invertibility, relative degree

All the above ingredients can be de ned also in presence of a f eedthrough matrix D .

Is said to be minimum phase if all its invariant zeros are stable.

is left-invertible if

V \S =10g
Is right-invertible if
V +S = R"
If s right-invertible, its relative degree is the least integer suchthatCS = RY,
where Sj,i=1;2;:::; wm ,Is given by the conditioned invariant algorithm
S1 = B
S = A(S 1\C)+ B

If is not right-invertible but left-invertible, its relative degree is that of the dual system,
if it is neither right nor left-invertible the relative degree can be de ned by a suitable,

simple squaring-down technique.
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A theorem on the relative degree

Theorem 1 A discrete-time system 4 obtained by zero-order sampling with a generic
sampling time T a continuous-time system  which is steady-state right or left invertible
has its relative degree not greater than one.

This result has friendly been discussed with Malabre, Loiseau, Moog (2004).

Some algorithms in Matlab

[V,F]=vstar(sys)
[S,G]=sstar(sys)
V=rvstar(sys)
z=gazero(sys)
r=reldeg(sys)

where sys is a LTI system represented by a triple (A; B; C ) or a quadruple (A;B;C;D ),
continuous-time or discrete-time.
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Disturbance decoupling and duality (UIO)

Basile and Marro, “L invarianza rispetto ai disturbi studiata nello spazio degli stati”,
Rendiconti della LXX Riunione Annuale AEI, paper 1-4-01, 1969.

Laschi and Marro, “Alcune considerazioni sull' osservabilita dei sistemi dinamici con
ingressi inaccessibili”, Rendiconti della LXX Riunione Annuale AEI, paper 1-1-06, 19609.

Wonham and Morse, “Decoupling and pole assignment in linear multivariable systems: a
geometric approach”, SIAM Journal on Control, vol. 8, no. 1, 1970.

Bhattacharyya, “Disturbance rejection in linear systems”, International Journal of System
Science, vol. 5, no. 7, 1974.

Basile, Hamano and Marro, “ Some new results on unknown-input observability”,
Proceedings of the 8th IFAC World Congress, pp. 21-25, 1981.

Willems, “Feedforward control, PID control laws, and almost invariant subspaces”,
Systems & Control Letters, vol. 1, no. 4, 1982.
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Disturbance decoupling (non-measurable and measurable)

h h
] y - y

u u

G X
X L J X
F F
Disturbance decoupling Measurable disturbance decoupling
Structural n&s condition Structural n&s condition
H V &0 HV gotB
Stabilizability n&s condition Stabilizability n&s condition
Z(Vm) C Z(Vm) C

Where, in both cases, Vi, is de ned as

Vi = V(B;C) \ minS(A; CB+H)
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Another solution for measurable disturbances
h
=~ y
u -
C
Using a dynamic pre-compensator
But, if the system is unstable, how can we avoid feedback?
This can be done, very easily, as follows
h N y
u Y1
=9
1. I
Y1 o S _O>_
If is stabilizable from u and detectable from a suitable output y; (possibly coinciding
with y), it can be stabilized with a feedback unit s wich can be maintained at zero by
the pre-compensator since this reproduces the state evolution (hence the output) of
restricted to Vi, . If y1 = y this connection is not necessary.
A Workshop on Linear System The.ory - Sde Bo.ker - Septen:ber 12-16, 2.005 -p.15 *



Using duality: unknown-input observers

_ T
C e

Unknown-input observer of a linear function of the state

Also in this case, a stabilizer can be used if the system is unstable, as follows

e 1
C T y "
T +

d — S

By duality, the output is independent of both U and d (any disturbance acting
on the stabilizer).
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An early geometric approach to UIO (1969)

Consider the continuous-time system

x(t) = Ax(t)+ Bu(t)

y(t) = Cx(t)
e(t) = Ex(t)

and set B= imB, C= kerC, E= kerE.

Observing with differentiators Observing with a dynamical model
necessary & suf cient condition necessary & suf cient condition
E C ! E V E S \C
with with
V =V(A; B;E) S = S(AE;B)
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An early geometric approach to UIO (1969)

Left invertibility comes from using both techniques together

E S \C| ! E S \V ! 0SS \V
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* Previewed sighal decoupling and the dual problem

If is non-minimum phase? N
Structural n&s condition

HV go*B

h
S delay h y

Stabilizability n&s condition
c Z(Vm)\ Co = ;

Previewed signal decoupling

) An initial state h, projected on V along B,
Bu stable zero can be decomposed into three parts: on
Rv ,0nVny, onthe complementtoV .

While the former two (state ) can be
driven to the origin along stable trajectories
on V , the latter, that corresponds to un-
stable motions on V , can only be nulled
by a preaction on u prior to its occurrence.
cancellingitatt=0 (state ).

L \V unstable zero

Preaction along the unstable zeros
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Previewed signal decoupling and the dual problem

If is not minimum phase? Stabilizability n&s condition
In terms of invariant zeros

h
; delay h y

u o Z(A;B;C) Z (A;B+H;Q
C \ CO:;

Previewed signal decoupling

The dual problem: unknown input observation with lag

€ dela —»ed
u = y
g T
-
C €4

Unknown-input observation with lag

This is the most general type of unknown-input observer. It includes an FIR system and
may be necessary for discrete-time systems. Recall that a sampled-data system is
generically nonminimum phase.
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Geometric approach to LQR problems

Consider again the disturbance decoupling

h e problem by state feedback, corresponding
u | — to the state equations
- JX X(t) = Ax(t)+ Bu(t)+ Hh(t)
y(t) = Cx(1)

Assume that the necessary and suf cient conditions for its so Ivability with internal
stability are not satis ed. In this case a convenient resort is to minimize the H2 norm of
the matrix transfer function from input h to output y.

This can be achieved by deriving a state feedback matrix F such that A + BF is stable
and the corresponding state trajectory for any initial state x(0) minimizes the
performance index

Z 1 Z 1
J = y(t)'y(t) dt + Jp = X(t)'C'C x(t) dt + Jp
0 0

where Jy is a term depending on the boundary conditions. This problem is the so-called

“cheap version” of the classical Kalman regulator problem or Linear Quadratic Regulator
(LQR) problem.
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Geometric approach to LOQR problems (cont'd)

This problem is solvable with the geometric tools. According to the classical optimal
control approach, consider the Hamiltonian system described by

2(t) = AR()+ Bu(t)

y = CR(t)=0
with
X A 0
R = A = B = C = 0O BT
P 2CC AT 0
We assume that
/ (9 \ Co =,

The problem admits a solution if and only if there exists an internally stable
(A; B)-controlled invariant of the overall Hamiltonian system contained in E whose
projection on the state space of original system contains the image of disturbance

distribution matrix imH . This solution can easily be found by using the standard routines
of the geometric approach.
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Geometric approach to LOQR problems (cont'd)

It can be proven that the internal unassignable eigenvalues of V' := max V(A; B; C) are
stable-unstable by pairs. Hence a solution of the problem considered is obtained as
follows:

1. computeV ;

2. compute a matrix F suchthat (A+BF)V  V and the assignable eigenvalues
(those internal to R, ) are stable; it can be proven that the other eigenvalues are
stable/antistable by pairs;

3. compute Vs, the maximum internally stable (A + B F)-invariant contained in V .

The above procedure provides a state feedback matrix F, easily computable as a
function of Vs and F, corresponding to the minimum H2 norm from h to y. Thus, the
problem considered has a solution if and only if

H PV

where H := imH and P is the projection from the extended to the regular state space.

This is a personal interpretation of some results by Willems , Hautus, Silverman,
Stoorvogel, Chen, Saberi, Sannuti.
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Algorithmic solution of the nite-horizon LQ problem

state \ . : state
space isocost lines space
M)
8
x(0)

Performance index:

J = (x(0) z0)"Po(x(0) zo)
+ ! X(H)TQx(t)+ u(t)"Ru(t)+ x(t)"Su(t) dt+(x(tf) z¢) Pr (x(tr) zf)
0

J is expressible as a quadratic function of [zg zf |" whose coef cients depend on
A;B;Q;R;S;P o;Ps. The algorithm also works when Po!1  and/or P; !'1 , thus
taking into account the case where the extreme states are strictly assigned.
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Algorithm fhlg.m (continuous-time)

NOTE: The rst call provides the cost taking into account the boundary conditions, thus allowing for
welding of adjacent subarcs, the subsequent calls give u(t) and X (t) for any time t.
[ J [ J [ [ [
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Algorithm dfhlg.m (discrete-time)

NOTE: The rst call provides the cost taking into account the boundary conditions, thus allowing for
welding of adjacent subarcs, the subsequent calls give u(t) and X (t) for any time t.
[ J [ J [ [ [
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The nite-horizon LQ problem - References

A. Ferrante, and L. Ntogramatzidis. Employing the algebraic Riccati equation for a
parametrization of the solutions of the nite-horizon LQ pro blem: the discrete-time case.
Systems & Control Letters, 54(5): 693-703, 2005.

A. Ferrante, G. Marro, and L. Ntogramatzidis. A parametrization of the solutions of the

nite-horizon LQ problem with general cost and boundary con ditions. Automatica, 41(8):
1359-1366, 2005.

L. Ntogramatzidis, and G. Marro. A parametrization of the solutions of the Hamiltonian
system for stabilizable pairs. International Journal of Control, 78(7): 530-533, 2005.
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An example: unknown-input observer

Consider the SISO system  described by | Design an FIR system observing the state

400 u y X

G = GiD(s+a)(s+10) . FIR

having relative degree three. Input u is has limited bandwith.

Recall the use of differentators

This is the 1969 solution. But now we changed our mind: we don't want diffentiators and
accept a solution with a reasonable error and a possible small delay. This is easily
obtained with an FIR system using the previously presented routines.
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An example: unknown-input observer

A particular state space realization is

1 1.6 696 12:16
A = 0 4 22 , B = 3:2 , C= 25 5 20 ; D=0
0 10 16

It is possible to avoid the use of differentiators with the following procedure.

choose a suitably small sampling time and convert to discrete-time;

owing to Theorem 1, this has relative degree one, but has a certain number of
unstable zeros (with the absolute value signi cantly greater than one);

hence estimation with a small enough lag is possible.

NOTE: The geometric approach has pointed out the relation between unknown input
observers anf Kalman lIters. It also suggests to realize Kalma n Iters with FIR systems,
in particular when a delayed estimation is advisable.
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An example: unknown-input observer

The sampled-data system is
e €d
u y delay —j— &(2) = 0:0465 (z + 0:61) (z + 2 :62)
(z 036)(z 0:67)(z 0:90)
FIR [,
(with sampling time Tc=0:1s).

We choose tpre =0:4 s (4 samples) and tpost =0:6 s (6 samples) and use the Matlab
algorithm dfhlg to compute the FIR system whose impulse response is

gain of the FIR system

300

200

100}

-100

-200

-300

_400 | | | |
0 0.2 0.4 0.6 0.8 1
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An example: unknown-input observer

0.6

0.4

0.2

-0.2

-0.4 |

-0.6 [

-0.8

input of the system

10

15

20

25

30

35

40

output of the system

35 40
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An example: unknown-input observer

state of the system (delayed)

estimated state (delayed)

100

100

80

60

401

20

-20 |

-40 |

-60 |-

40

-80
0
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An example: unknown-input observer

estimation error estimation error (in a different scale)

100 T T T T T T T 02 T T T

80

0.15F
60} T
o1l g
401 : 7 l 1!
A ‘ | * “
20 ] 0.05 i fl “ l ‘ ﬁ
0 0 L | L | L 1i /h i '1 | i |
i Al JE ‘ i [“ f
20 . - ‘ |
-0.05 - i !
-40 T ‘
T i |
-0.1 : :
-60 -
_80 | _0.15 | | | | | |
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
° ° ° ° °
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H,-optimal FIR systems as generalized LTI systems

Regular LTI system: a quadruple
(A;B;C;D )
u

D

[ y y

y(t)= C te“t J)Bu( )d + Du(t)
0

0O t1l

our FIR system: an eight-uple
(A1;B1;C1;D1;A2;B2;C2;D2)

u
delay D>
oy

+

i

()= Ci €1t IBiu( )d + Dyu(t
0

t
+Cp ef2(t i )R,y )d + Dau(t ti1)
0

O t f{

An interesting question is whether to use Padé approximants when a continuous-time

FIR system is inserted in a loop.
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Our Hy-optimal regulator

this quadruple gives robustness
this eight-uple adds
some skill to robustness

r | P Y1
s delay |- r+ © . ZL+>®J|U—»
L B A
_______ |
feedforward : ds T L
feedback =  —————————— |

Another interesting duality:
Noninteraction and Fault Detection and Identi cation
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Nonininteraction - W & M (1)

Solution no.1 by Wonham and Morse (SIAM J. Control, No.1, 1970)

! Y1

u
+

1
L Eﬁ@f* -

| I— F -

Achieving noninteraction by state feedback and algebraic feedforward units

Achieving the most complete noininteraction with this technique was more critical than
with other methods since, in general, the same state feedback cannot transform any two
controlled invariants into simple (A + BF )-invariants, hence the method used for
measurable disturbance decoupling was not extendable to this case in general.
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Noninteraction - W & M (2)

Solution no.2 by Wonham and Morse (SIAM J. Control, No.3, 1970)

1
E— Gl —+; J Y1
(3%@—' Y2
2 + + + —
— G, | | [
| State
F extension

Achieving noninteraction by state extension and algebraic feedforward units

This solution requires accessibility of the state. The corresponding
necessary and suf cient conditions are

R

CiR g0,

I
A
5

C2Rg.q) =
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Noninteraction - B & M

Solution by Basile and Marro (Ricerche di Automatica, No.1, 1970)

S

Achieving noninteraction with stabilizer and feedforward dynamic units

This solution does not require accessibility of the state, but only
stabilizability and detectability The corresponding necessary and

suf cient conditions are the same as those by Wonham and Mors e (2),
l.e.

R
R Y2

CiR @0y

C2R 5.0
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Duality: fault detection - Massoumnia et al.

Massoumnia (IEEE T-AC, No.1, 1986)
Massoumnia, Verghese and Willsky, (IEEE T-AC, 1989)

1 1 Y1 uq 1_ | 1
+ u T y
) ?i Y2 us T 2
L2 2
The noninteracting control problem The fault detection and isolation problem
System : (A;B; [C1;C>];0); System " (AT;[C1;C2]";BT;0);
Compensators i: (Ni;M;;L;;Kj) FDlunits [: (N5 LT, MK
or Wi (k) (i=1;2). or W/'(k) (i=1;2).
1 yi U1 T | 1
] 1 T Lu Y2 uz T y 1
+ ym + Um
L + + + T *3
2 |t 2
Cancelling an output ym Considering a measurable input un
with the units for noninteraction in the EDI units
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+ Noninteraction with FIR systems

i Y1

y2

2

The noninteracting control problem
System : (A;B; [C1;C2]; 0);
Compensators ;i : (Ni;Mi;Li;Kj)
or Wi (k) (i=1;2).

IS continuous-time or discrete-time.

X(t1) stable
motion

0 t1 to t
The idea of using an FIR system

unstable
motion

Recall the necessary and suf cient condi-

tions
CiR:c,) = R™

C2Ric,) = R®

Refer to unit 1 and to the rst of equations on the right. Since the subspace R g.c,) is
completely reachable from the origin, this unit may be realized as an FIR sistem driving
the state as shown, from the origin to a state x1 such that C1 x; involves all the
components of the output y1 (thus achieving maximal visibility), and again to the origin.
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The “optimal” noninteraction and FDI

_hl%@“ ﬁM{W%Ty

2

N | P

A more satisfactory approach to the noninteraction and FDI problem

Consider the rst problem (noninteraction). The second (fa ult detection and
iIdenti cation) is contemporarily solved by duality.

The idea is to design unit 1 to maximize the ratio of the H, norm of the transfer function
from the rst input to the rst output over the H > norm of the transfer function from the
same input and the second output (or all the other outputs considered together).
Likewise for unit 2 (or all the other units).

In the dual problem (fault detection and identi cation) the ratio of the Ho norm of the
transfer function from the rst fault input to the rstresid ual over the H> norm of the
transfer function from the second fault input (or all the other fault inputs) will
consequently also be maximized. Likewise for the second residual generator (or all the
other residual generators).

A Workshop on Linear System Theory - Sde Boker - September 12-16, 2005 — p. 41



The Frank-Wunnenberg algorithm for FIRs design

The Frank-Winnenberg algorithm uses a standard method due to Silverman (or
interpreted in the geometric sense mainly by Silverman) to transform a discrete-time
optimal control problem into a standard mathematical programming problem.

While a standard discrete-time LQ problem is tranformed into the problem of nding the
minimum of a quadratic form under an af ne constraint, the dis crete-time FDI problem is
transformed into a generalized eigenvalue problem.

References

Frank, Winnenberg, “Robust fault diagnosis using unknown input observer schemes”, in
Patton, Frank, Clark (eds), Fault diagnosis in dynamic systems, theory and applications,
Prentice Hall, 1989.

Silverman, “Discrete Riccati equations, alternative algorithms, asymptotic properties,
and system theory interpretations”, in Control and Dynamic Systems, C.T. Leondes ed,
Academic Press, New York, 1976.
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Conclusions

The geometric approach gives useful hints for solutions of some very basic
problems if we replace the word “exact” with “almost exact” in the statements.

For instance it suggests using FIR systems in most feedforward problems, like
almost perfect rejection of measurable or previewed exogenous signals and almost
perfect unknown-input observation of the state or of a linear function of the state.

In trying to re ne the word “almost” we have been led to extend o ur quadruple

(A; B; C; D ) to the Hamiltonian quadruple (A; B; C; D) and then to the eight-uple
(A1;B1;C1;D1;A2;B2;C2;D2), thus getting the Kalman smoother and dual
smoother through an unusual route.

Another set of very basic problems where using FIR system is natural is
noninteraction and fault detection and isolation (also dual to each other).

The contributions on noninteraction date back to 1970 and are due to Wonham

and Morse (with dynamic state feedback) and Basile and Marro (with feedforward
units and independent stabilization), those on FDI are due to Massoumnia (1986)
and Massoumnia, Verghese and Willsky (1989), without any perception of duality.

Their solution in the optimal |, sense has been proposed only in the discrete-time
domain and requires eigenvalues and eigenvectors (Frank and Winnenberg, 1989
for FDI).
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Thanks for your attention

The geometric approach toolbox and the routines fhig and dfhlq for Matlab are
downloadable from the web page
http://www3.deis.unibo.it/Staff/FullProf/GiovanniMarro/geometric.htm
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